We present ab initio calculations of a variety of different lattice-gas interaction energies between Cu adatoms on Cu͑001͒ and Cu͑111͒. We find the next-nearest-neighbor ͑NNN͒ interactions to be negligible on Cu͑111͒, explaining the success of the nearest-neighbor ͑NN͒ Ising model when describing the Cu͑111͒ step stiffness. On Cu͑001͒, however, we find that NNN interactions are roughly ͑1/7͒ the attractive NN interaction strength. On both surfaces, we find longer-range pair interactions to be small, although there are relatively large trio interactions. On Cu͑111͒ these include two orientation dependent trios composed of adatoms forming a NN triangle. We calculate the interaction energies of these trios and show that they can account for the difference in formation energies between A and B steps. On Cu͑001͒, we find the trio interaction composed of adatoms forming a NN-isosceles right triangle to be quite large and repulsive. This contradicts our theoretical expectations, which suggest the interaction should be attractive to account for the Cu͑001͒ step stiffness. Finally, by calculating the bulk energy per atom in multiple ways, we show our calculations are self-consistent.
I. INTRODUCTION
Lattice-gas models provide a powerful and convenient route to explore how microscopic energies influence the statistical mechanics of mesoscopic structures on crystalline surfaces. Such models underlie most Monte Carlo ͑and transfer matrix͒ simulations. They assume that overlayer atoms ͑or other adsorbed units͒ sit at particular high-symmetry sites of the substrate, an intrinsic assumption of epitaxial growth, for example. The parameters of the model are then the interaction energies between such atoms and/or the barriers associated with hops between the high-symmetry positions.
The use of lattice-gas models proceeds in two generic ways. In the first, one posits a few energies that are likely to dominate the physics of interest and then computes with Monte Carlo simulations the desired equilibrium or dynamic properties, deriving thereby the values of these energies from fits. 1 The dangers of this approach are: ͑a͒ the properties of interest may be relatively insensitive to the specific interactions and ͑b͒ there may be other interactions that are nonnegligible, so that the deduced energies are effective rather than actual.
The second approach 2-5 begins by actually computing the ͑many͒ energies of importance, a task that is now possible with efficient density functional theory packages such as VASP ͑the Vienna Ab initio Simulation Package͒. 6 This process can be used to compute interaction energies between relatively distant neighbors. One should also compute multiatom interactions, which can also be significant. 7, 8 This approach is appealing because the calculated interaction energies can be self-consistently checked for completeness, thereby diminishing the risk discussed in ͑b͒ above. Assuming that one has sufficient computational power to compute all the interactions that contribute at the level of the desired precision, there is still the danger that the interactions depend sensitively on the local environment, making a simple lattice gas description inadequate.
These caveats notwithstanding, lattice gas models have been extensively used in the realm of surface physics to describe such diverse phenomena as phase transitions, concentration-dependent diffusion, and growth. We have recently used such a model to compute the orientation dependence of step stiffness-the inertial parameter for steps in the step continuum model 9 -for the ͑001͒ and ͑111͒ faces of Cu. 10, 11 This work illustrates both successes and some shortcomings of using a lattice-gas model with just nearestneighbor ͑NN͒ interactions: whereas the step stiffness on Cu͑111͒ is well described by NN interactions alone, the step stiffness on Cu͑001͒ requires the inclusion of next-nearest neighbor ͑NNN͒ and perhaps even trio interactions. In this case, a firm understanding of the adatom interactions would be an ideal way to construct an appropriate theory.
With this goal in mind, we have performed ab initio calculations to determine the strengths of interactions between Cu adatoms on Cu͑001͒ and Cu͑111͒. For these systems we have tested the applicability of a lattice-gas model and have determined which interactions are essential and which can be ignored. Figure 1 shows a summary of the calculated interactions between Cu adatoms on Cu͑111͒; the corresponding interactions on Cu͑001͒ are analogous. The first row shows the pairwise interactions of interest. Besides NN interactions ͑of energy E 1 ͒, we have also considered nth nearest-neighbor interactions ͑of energy E n ͒ out to n = 4. Based on our previous work, 10,11 as described above, we expect NNN interactions to be negligible on Cu͑111͒, but significant on Cu͑001͒.
The second row of Fig. 1 shows the trio interactions of interest. These interactions are the nonpairwise part of the interaction among three nearby adatoms. 7, 8 These include the trios ͑E a/b ͒ for three NN adatoms forming an equilateral triangle ͓for which no Cu͑001͒ counterparts exist͔, the trio ͑E c ͒ for three collinear adatoms, and the trio ͑E d ͒ for three adatoms forming a NN-isosceles triangle with an apex angle 90°o n Cu͑001͒ and 120°on Cu͑111͒ ͑the "d" stands for "dent"͒. Based on our previous work, 10 we expect E d to affect the step stiffness on Cu͑001͒ in the same way as E 2 ͑so that the effective NNN interaction is E 2 + E d ͒.
As illustrated in the two lower left subfigures of Fig. 1 , when one includes the substrate layer upon which adatoms are adsorbed, the sixfold symmetry of the adsorption layer is reduced to threefold. One should then, at least in principle, distinguish between the trio interactions E a and E b . Whereas E a triangles are made from A microfacets, E b triangles are made from B microfacets. As we noted earlier, 11 the difference between E a and E b provides the simplest way to account for the difference between energies of A and B steps within a lattice gas framework.
The remainder of this paper is divided into three sections and an Appendix. In Sec. II we describe the details of our calculations. In Sec. III we present and discuss our results and the implications. Finally, we summarize and offer concluding remarks in Sec. IV. The Appendix provides details related to the error analysis of our computations.
II. METHOD
To accurately gauge the relative size of the Cu adatom interactions of interest within the framework of density functional theory, 12, 13 we used VASP, 6 together with the supplied Cu ultrasoft-pseudopotential ͑with a basis energy cutoff of 17.2 Ry͒, and the Perdew-Wang '91 generalized gradient approximation 14 ͑GGA͒. To speed up electronic relaxation, we used the method of Methfessel and Paxton 15 with a width of 0.2 eV.
We modeled the surfaces of Cu͑001͒ and Cu͑111͒ by constructing two large supercells for each surface, one containing up to ͑14ϫ 3 ϫ 2͒ atoms, the other containing up to ͑14 ϫ 4 ϫ 2͒ atoms; we refer to these, respectively, as ͑3 ϫ 2͒ and ͑4 ϫ 2͒. Using the ͑3 ϫ 2͒ cell, fourth-neighbor pair interactions and beyond were assumed to be negligible and therefore ignored, whereas using the ͑4 ϫ 2͒ cell, for selfconsistency, fourth-neighbor pair interactions were included ͑and ultimately verified to be negligible͒. To assure energy convergence to within a few meV, we sampled the Cu͑111͒ ͑4 ϫ 2͒ supercell using a ͑6 ϫ 12ϫ 1͒ mesh of k points, and the Cu͑001͒ ͑4 ϫ 2͒ supercell using a ͑5 ϫ 10ϫ 1͒ mesh. A similar density of k points was used for the ͑3 ϫ 2͒ cells. ͑Because we never directly compared energies between cells, maintaining the same density of k points between cells was irrelevant.͒ We began all calculations by filling the first seven layers of the supercell, thereby producing-when periodically repeated in the three orthonormal symmetry directions-a series of seven-layer thick, parallel slabs buffered by seven layers of vacuum. Here, as in all calculations, the slab lattice parameter was fixed at 3.64 Å-the value obtained from a bulk GGA calculation for a ͑1 ϫ 1 ϫ 1͒ supercell sampled using an ͑11ϫ 11ϫ 11͒ mesh of k points. We then computed the slab energy in two ways: first with relaxation constrained to be normal to the surface, and second with full relaxation. In both cases, we held the inner three layers of atoms fixed at their calculated bulk positions, while the outer layer atoms relaxed until the net force on them was less than 0.01 eV/ Å.
Next we placed adatoms on the top and bottom of the slab. The seven-layer slab is ͑just͒ thick enough that throughsubstrate interactions 16 between the adatoms are insignificant, causing uncertainties no greater than 30 meV. ͑See the Appendix for details.͒ An alternative would be to put adatoms on just one side of the slab, 4, 17, 18 which would allow thinner slabs to be used for the substrate. ͑Since we are considering homoepitaxy, presumably there would be minimal charge-transfer effects requiring correction. 16 ͒ We then recomputed the total energy in the same ways as before, allowing for both full and constrained ͑perpendicular to the sur-face͒ relaxation. We repeated this procedure for a variety of adatom arrangements. This allowed us to construct a set of independent equations that we could solve to obtain the various interaction energies of interest.
To illustrate our technique, the slab energy-is E 0 + E 3 , where E 0 is the energy of introducing and adsorbing an atom on a clean substrate. Interactions beyond third neighbors are neglected, but interactions between supercell images up to third neighbors are scrupulously included.
The top-middle subfigure shows the arrangement of adatoms used in our second calculation. Here, the top and bottom of each supercell contains two NN adatoms. Summing over all intrasupercell and intersupercell interactions as before, the energy of this configuration ͑again minus the slab energy͒ is 2E 0 + E 1 +3E 3 .
Continuing in this way, we generated six more equations with the introduction of just three more unknowns: E 2 , E c , and E d . In total, then, we were left with eight independent equations, of which we could choose any six to solve simultaneously for the six interaction energies of interest. By comparing solutions from different sets of equations, we could self-consistently check our energies and also roughly estimate-by noting the variation in values-the error in the calculations. ͑See the Appendix for more details.͒ In much the same way-as illustrated in Fig. 3 -we calculated adatom interaction energies for the Cu͑111͒ ͑3 ϫ 2͒ cell, the only noteworthy difference being the evaluation of the NN-trio interaction energies, E a/b . Instead of eight, there were now ten independent equations ͑only nine are shown in Fig. 3 -the missing configuration is identical to the middle subfigure with up-pointing triangles instead of downpointing, so that E a is replaced with E b ͒, of which we could choose any eight to solve for the eight interaction energies of interest.
Finally, the entire process was repeated for the ͑4 ϫ 2͒ cells. Although most of the configurations remained unchanged, the inclusion of E 4 required a few additions and minor modifications in order to obtain the proper number of independent equations.
III. RESULTS AND DISCUSSION
The results of our calculations are listed in Table I . Only data for full relaxation are shown because data for constrained relaxation do not differ in any significant way: Specifically, data for the fully relaxed Cu͑001͒ ͑3 ϫ 2͒ cell differed from their vertically relaxed counterparts by no more than 13 meV, and often by less than 5 meV ͑the differences typically in proportion to the size of the interaction͒. Provided the system is not in a metastable state, this observation corroborates the description of Cu surface energetics using a lattice-gas model, where one assumes atoms sit at preferential, high-symmetry positions. In other words, while relaxation from these preferred positions inevitably occurs, the amount of relaxation negligibly changes the various interaction energies of importance. We therefore only require a finite number of "typical" or "average" interactions to fully describe the system, making a lattice-gas model appropriate. 19 
FIG. 2. ͑Color online͒ A summary of calculations performed for
Cu͑001͒. Each subfigure corresponds to a different arrangement of adatoms ͑dark orange spheres͒ on the substrate ͑light-gray spheres͒ with total energy given by a different linear combination of adatom interaction energies. When taken together, any six equations can be solved to determine the six energies of interest.
FIG. 3. ͑Color online͒ A summary of calculations performed for Cu͑111͒. As in Fig. 2 , each subfigure corresponds to a different arrangement of adatoms ͑dark orange spheres͒ on the substrate ͑light gray spheres͒ with total energy given by a different linear combination of interaction energies. Here, however, because the triangle trio interactions depend on orientation, there is an interaction energy E a for down-pointing triangles and E b for up-pointing triangles. When taken together, any eight equations can be solved to determine the eight energies of interest. ͑Note that the up-pointing trio arrangement is not shown above.͒ Besides the interaction energies discussed earlier, estimates for E 0 , the energy of introducing and adsorbing an atom on a clean substrate, and E s , the surface energy per atom, on both Cu͑001͒ and Cu͑111͒ are included. ͑E s was calculated by comparing slab energies of varying thickness, as discussed in the literature. 20 ͒ The surface energies compare well with previous results; in particular, Spišák 21 found the surface energy of Cu͑001͒ to be 606 meV/atom, while Wang et al. 22 found it to be 582 meV/atom. Our estimate of 600 meV/atom agrees with both. Similarly, Wang 22 estimated the surface energy of Cu͑111͒ to be 462 meV/atom, in nearly exact agreement with our result.
The accuracy of our calculations is further confirmed by the excellent overall agreement between results using the ͑3 ϫ 2͒ and ͑4 ϫ 2͒ cells, where energies would typically differ because of a difference in k-point sampling. Furthermore, the agreement between cells suggests that longer range interactions are negligible: A different cell size means that adatoms are arranged in a different geometry, which implies that a different number of long-range interactions are ignored. If the long-range interactions are significant, the calculated energies should differ from one cell size to the other. Because they do not differ, the long-range interactions are most likely negligible ͑unless they happen to cancel each other͒, confirming our original assumption.
We begin the discussion of our computed lattice-gas energies with the pair interactions. We find E 1 to be the most attractive on both surfaces. This result could be anticipated, since stable adatom islands are often experimentally observed on these surfaces. Furthermore, the strength of the interaction is stronger on Cu͑001͒ than on Cu͑111͒. This result is consistent not only with bond-order-bond-strength arguments 23 applied to the direct part of the interaction ͓ada-toms have six nearest neighbors on Cu͑111͒ compared to four on Cu͑001͔͒, but also with the general result for the semiempirical embedded atom method ͑EAM͒ formalism that the leading contribution to the indirect ͑substrate-mediated͒ part of the interaction is attractive ͑negative͒ and proportional to the number of shared NN substrate atoms: two for Cu͑001͒ and one for Cu͑111͒. 8 Moving on to higher-order interactions, we find E 2 to be a negligible fraction of E 1 on Cu͑111͒, whereas it is a significant ͑1/7͒E 1 on Cu͑001͒. As before, this is consistent with EAM findings; after all, NNN share no substrate atoms on Cu͑111͒, while they share a single substrate atom on Cu͑001͒. Furthermore, this explains why the NN lattice-gas model does not adequately describe the orientation dependence of the step stiffness on Cu͑001͒, but successfully describes the same property on Cu͑111͒. 10, 11 In essence, whereas NNN interactions can be ignored in the latter case, they cannot be in the former.
Rounding out our analysis of the pair interactions, we find E 3 and E 4 to be very small on both surfaces, consistent with the agreement between the ͑3 ϫ 2͒ and ͑4 ϫ 2͒ results. ͓Recall that we did not include E 4 in the ͑3 ϫ 2͒ calculations. Earlier calculations 2 also found E 3 to be essentially negligible on ͑111͒.͔ Notice, however, that even though these interactions are quite small, the general trend ͉E n ͉ Ͼ ͉E n+1 ͉ is predominantly preserved.
In the only systematic semiempirical investigation of Cu/ Cu͑001͒ ͓or, for that matter, Cu/ Cu͑111͔͒ pair interactions of which we are aware, Levanov et al. 24 found values in remarkably decent agreement with ours: E 1 = −0.32 eV, E 2 = −0.04 eV, and E 3 = + 0.01 eV.
We next consider the trio interactions, beginning with the observation that the largest trio interactions E a and E b are TABLE I. Calculated adatom interaction energies ͑in meV͒ on Cu͑001͒ and Cu͑111͒. Here E i ͑iϭ1,2,3,4͒ is the i th neighbor interaction, E x ͑xϭa,b,c,d͒ are trio interactions as depicted in Fig. 1 ͑with E d corresponding to a right isosceles triangle for the ͑001͒ substrate͒, E 0 is the energy of introducing an adsorbed adatom on an empty substrate, and E s is the surface energy per atom, with corresponding units of meV/atom. See the Appendix for a discussion of the error bars.
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equilateral triangular in geometry and repulsive in nature, a result which agrees with a similar study on Ag͑111͒. 4 The collinear trio, E c , on the other hand, is attractive and not as significant, being of moderate to small size on both surfaces. As we discussed earlier, the difference between E a and E b can account for the difference in the formation energies of A and B steps. Here we find E b Շ E a , suggesting B steps are marginally more favorable than A steps. If we further assume, as our calculations suggest, that only E 1 , E a/b , and E c are non-negligible interactions ͑specifically, interactions having a magnitude greater than 5 meV when averaged between the two cell sizes͒, then from bond breaking arguments, the formation energies per atom of A and B steps, E A and E B , can be written as follows: 25 Within error bars, these estimates are also in accord with recent semiempirical EAM calculations that found the two values to be 263 and 265 meV, 26 with a ratio consistent with earlier EAM deductions. 27 All these calculations are consistent with measurements by Giesen, 28 who reports ratios of 1.011 and 0.98; controversy remains as to whether the ratio is marginally larger or smaller than unity. Thus, as a whole, this simple lattice-gas model appears to be quite successful. We now consider the calculated strengths of the remaining interactions E d . Although they are relatively small on Cu͑111͒, they are fairly sizable and repulsive on Cu͑001͒. Based on our previous theory, 10 we expect E d to renormalize E 2 on Cu͑001͒ so that E 2 + E d Ӎ 1/4E 1 . Surprisingly, though, we find E 2 + E d Ӎ 0. Thus, whereas the inclusion of our calculated attractive E 2 interactions help explain the discrepancy between theory and experiment with regard to the orientation dependence of step stiffness, the inclusion of our calculated repulsive E d interactions magnify the discrepancy.
Beyond the tabulated interactions, we also estimated the size of more distant neighbor triangular trio interactions on Cu͑001͒ ͑interactions we could easily include because we calculated the energies of more configurations than unknowns for self-consistency͒. In particular, we looked at the isosceles triangle trio composed of two NNN legs and a third-nearest-neighbor hypotenuse and the right-triangle trio with one NN leg and one third-nearest-neighbor leg. In both cases, the interaction strengths were negligibly small, of order 5 meV.
Finally, we can obtain the bulk energy per atom E bu from the calculated lattice-gas interaction energies. To do so, we note that an extra layer of atoms in the slab can be thought of as the addition of a bulk layer or an adsorbed layer. In the first case, the additional energy is just the number of atoms N in the new layer times E bu . In the second case, the energy is N times E 0 plus the sum of all significant lateral lattice-gas interaction energies ͑again, interactions having a magnitude greater than 5 meV when averaged between the two cells͒. Equating these and dividing by N gives
for Cu͑001͒ and
for Cu͑111͒. While there are many other longer-range and multiadatom interactions, they are expected not only to become very small but also to tend to cancel each other. 8 Thus, how well these estimates of E bu agree provides a practicable gauge of self-consistency. Not only are the right-hand sides of both equations independently equal, but they are independently equal to E bu : a quantity that was, itself, independently calculated when we determined the slab lattice parameter ͓using a ͑1 ϫ 1 ϫ 1͒ supercell sampled with ͑11ϫ 11ϫ 11͒ k points͔. There we found E bu = −3763 meV/atom. This agrees quite well ͑considering the error͒ with Eqs. ͑3͒ and ͑4͒, which give, respectively, E bu = −3741± 48 meV/atom and E bu = −3760± 35 meV/atom ͓averaged between ͑3 ϫ 2͒ and ͑4 ϫ 2͒ cells͔. The self-consistency of these calculations corroborates the general success of the lattice-gas model.
IV. CONCLUSIONS
We have calculated from first principles a variety of different Cu adatom interaction energies on both Cu͑001͒ and Cu͑111͒. For the most part, our calculations have confirmed our expectations. First, we have shown that the computed interaction energies are robust with respect to small, lateral relaxations of the adatoms: an important requirement for a successful lattice-gas theory. Second, we find E 2 interactions to be negligible on Cu͑111͒ but significant on Cu͑001͒, explaining why the NN lattice gas model successfully describes the orientation dependence of the Cu͑111͒ step stiffness, but fails for Cu͑001͒. Third, we have used our calculated latticegas interaction energies to determine the formation energies of Cu͑111͒ A and B steps. The resulting estimates for the formation energies agree well with the literature. Fourth, we have shown that for Cu on Cu, as expected, adatom pair interactions drop off quickly with distance, and only the geometrically smallest trio interactions are relevant. Finally, we have shown that our calculations for the lattice-gas interaction energies are self-consistent and, when taken together, can be used to accurately find the bulk energy per atom E bu .
Considering these successes, the relatively large value of E d on Cu͑001͒ was unexpected. When this repulsive interaction is included in a theory of the orientation dependence of step stiffness, it renormalizes E 2 to zero ͑since the righttriangle trio produces and effective value of E 2 that is E 2 + E d , as argued in Ref. 10͒. To the extent that this value of E d is reliable, 29 there remains a discrepancy between the NN-Ising theory and experiment a mystery. One possible explanation is the existence of other significant many-body interactions that make the calculated E d effective rather than actual. It is interesting to note, for example, that E bu is slightly underestimated by the Cu͑001͒ lattice-gas interactions, suggestive of a too repulsive E d . Considering the overall self-consistency of our results, however, such many-body interactions are most likely negligible. Another possible explanation we are currently exploring suggests that calculated trio interaction energies can vary significantly between localdensity approximation ͑LDA͒ and GGA calculations, whereas pair interactions remain unchanged. We are currently looking further into this issue for Pt on Pt systems, 29 where more asymmetry between A-and B-steps exist, and where results for kink-formation energies ͑which are directly related to E a and E b ͒ are known to be worse for GGA than for LDA. 25, 30 In closing, we believe first principles calculations such as the ones described here will prove useful in determining the limits of lattice-gas models applied to all sorts of systems. Although we began with strong expectations based on previous theory and experiment, the consistency of our results shows that the problem can be worked in reverse; that is, based on first principles calculations, we can determine what kinds of interactions need to be included in the system to make a successful lattice-gas model.
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APPENDIX
In Table I energies are listed with error bars. Here, the source of error was predominantly due to interactions between adatoms through the substrate. Whereas increasing the slab thickness would have reduced this error, the required computational time would have increased significantly. 16 Instead, we effectively reduced error by averaging results over a set of self-consistent calculations. More precisely, we calculated the energies of more adatom arrangements than were necessary to solve for the interaction energies of interest. By choosing different sets of arrangements to solve for the same interaction energies, we could self-consistently check our results while at the same time estimate error. Typically, interaction energies changed little from one set of arrangements to another, though differences could be on the order of 10-30 meV. We therefore assumed each total energy calculation carried an error of 30 meV. With this assumption, the propagation of error was easily calculated.
As an example, using the first six adatom arrangements shown in Fig. 2 , we could simultaneously solve the corresponding six equations for the six interaction energies of interest. Assuming the six configurations correspond to energies E i ± 30 meV, i =1,2, ...6, then, for example, E 1 is
where E S ± 30meV corresponds to the energy of the slab without any adatoms. The error in this estimate is therefore 
Continuing in this way, we estimated the error of all the calculated interaction energies of interest. We then repeated the process for different sets of six arrangements of adatoms. Of course, different sets yield different errors. By averaging over results from sets of arrangements with the least error ͑which inevitably agreed the most͒, we reduced the error even further.
One potential danger of using this method of error analysis is the presence of systematic error that does not average to zero. Of course, were this the case, we would expect all calculated interaction energies to be systematically renormalized by an error-dependent, fixed amount. Considering we have calculated many interaction energies to be approximately zero, we know that the systematic error is most likely negligible. Furthermore, we estimated E bu in two ways: first, using Eqs. ͑3͒ and ͑4͒, and, second, using a single-atom bulk supercell that contains neither adatoms nor a substrate. Because the two ways of calculating E bu are so dissimilar, we can safely assume systematic error, if any exists, is different between the two. Because the two estimates agree remarkably well, the systematic error again is most likely negligible. *Electronic address: tjs@glue.umd.edu
